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SYMMETRY PROPERTIES OF THE GENERALIZED
HIGHER-ORDER EULER POLYNOMIALS
Taekyun Kim
Abstract. The purpose of this paper is to generalize this relation of symmetry be-
tween the power sum polynomials and the generalized Euler polynomials to the relation
between the power sum polynomials and the generalized higher-order Euler polynomials.
§1. Introduction
Let d be a fixed positive odd integer and let χ be the Dirichlet’s character with
conductor d. Then the generalized Euler numbers and polynomials attached to χ are
defined as
(1)
2
∑d−1
a=0(−1)
aχ(a)eat
edt + 1
=
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n=0
En,χ
tn
n!
,
2
∑d−1
a=0(−1)
aχ(a)eat
edt + 1
ext =
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n=0
En,χ(x)
tn
n!
, for |t| <
pi
d
, (see [1-14]).
For a real or complex parameter α,we define the generalized higher-order Euler num-
bers and polynomials attached to χ as follows:
(2)
(
2
∑d−1
a=0(−1)
aχ(a)eat
edt + 1
)α
=
∞∑
n=0
E(α)n,χ
tn
n!
, and
(
2
∑d−1
a=0(−1)
aχ(a)eat
edt + 1
)α
ext =
∞∑
n=0
E(α)n,χ(x)
tn
n!
, where |t| <
pi
d
.
From (2), we note that
(3) E(α)n,χ(x) =
n∑
l=0
(
n
l
)
E
(α)
l,χ x
n−l.
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By (1), we can also easily see that
(4) Ek,χ(nd) +Ek,χ = 2Tk,χ(nd− 1), where Tk,χ(n) =
n∑
l=0
(−1)lχ(l)lk.
Recently, Kurt (see [10]) and several authors (see [5-8], [11-13]) have studied the
symmetry property for the Bernoulli and Euler polynomials. The main purpose of
this paper is to prove an identity of symmetry for the generalized higher-order Euler
polynomials by using the method of Kurt. It turn out that the recurrence relation
and multiplication theorem for the generalized Euler polynomials attached to χ.
§2. Identities related to the generalized higher-order Euler polynomials
For w1, w2 ∈ N with w1 ≡ 1, w2 ≡ 1 ( mod 2), let us consider the following
functional equation:
(5)
I =
1
2
(
2
∑d−1
a=0(−1)
aχ(a)ew1at
edw1t + 1
)m
ew1w2xt
(
edw1w2t + 1
)
×
(
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=
(
2
∑d−1
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It is easy to see that
(6)
(
ew1dt + 1
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)(d−1∑
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χ(i)eit(−1)i
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k!
.
By (5) and (6), we have
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∞∑
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.
2
By the symmetry of I in w1 and w2, we also see that
(8)
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
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n!
.
By comparing the coefficients on the both sides of (7) and (8), we obtain the
following theorem.
Theorem 1. Let χ be the Dirichlet’s character with an odd conductor d ∈ N. For
w1, w2, d ∈ N with d ≡ 1( mod 2), w1 ≡ 1( mod 2), w2 ≡ 1( mod 2), we have
(9)
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j=0
(
n
j
)
w
j
2w
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j
k
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=
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Let y = 0 and m = 1 in (9). Then we have the following corollary.
Corollary 2. For n ∈ Z+, we have
(10)
n∑
j=0
(
n
j
)
w
j
2w
n−j
1 En−j,χ(w2x)Tj,χ(w1d− 1)
=
n∑
j=0
(
n
j
)
w
j
1w
n−j
2 En−j,χ(w1x)Tj,χ(w2d− 1).
From (5) and (6), we can also derive the following Eq.(11).
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By the symmetry of I in w1, w2, we also see that
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.
By comparing the coefficients on the both sides of (11) and (12), we obtain the
following theorem.
Theorem 3. Let w1, w2 be the odd natural numbers. For n ∈ Z+, m ∈ N, we have
(13)
n∑
k=0
(
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k
)
wk1w
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Let m = 1 in (13). Then we have
wn1
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i=0
χ(i)(−1)iEn,χ(w2x+
w2
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